ON THE INVERSE KLAIN MAP 
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Abstract. The continuity of the inverse Klain map is investigated and the 
class of centrally symmetric convex bodies at which every valuation depends 
continuously on its Klain function is characterized. Among several applica- 
tions, it is shown that McMullen's decomposition is not possible in the class 
of translation-invariant, continuous, positive valuations. This implies that 
there exists no McMullen decomposition for translation-invariant, continuous 
Minkowski valuations, which solves a problem first posed by Schneider and 
Schuster. 



1. Introduction 

The Klain map was introduced by Klain in [32 and has become an important 
tool in the theory of even, translation-invariant, continuous valuations 5,7. l2l[T5] . 
which in turn led to spectacular advances in (Hermitian) integral geometry [14H17] . 
The crucial fact that the Klain map is injective, which was first proved by Klain, 
has been used to solve various problems related to even valuations and to provide 
different approaches to known results, see e.g. 4,5,32,51]. It is therefore of great 
interest to study the inverse Klain map. 

Let Val/" denote the space of even, i-homogeneous, translation-invariant, con- 
tinuous valuations (see Section [5] for precise definitions). Given £ Val/" and an 
i-dimensional, linear subspace E, we denote by 4>e the restriction of <fi to E. As a 
valuation on E, (f>E is even, i-homogeneous, translation- invariant, continuous, and 
hence, by a well-known theorem by Hadwiger [27] , proportional to the i-dimensional 
volume on E. If we denote this proportionality factor by Kl^E), then 

<j> E =Kl^(£)voL. 

The corresponding function Kl^ : Gr^ — > C on the Grassmannian of i-dimensional, 
linear subspaces is called the Klain function of 0. The linear map Kl: Val^ — > 
C(Grj), cj) i — y Kl^ is called the Klain map. 

In this article we investigate the dependence of <f> on its Klain function, i.e. the 
dependence of <f> on its values on i-dimensional convex bodies. Given a convex body 
K, it is important to know whether 4>{K) depends continuously on Kl^. Let || ■ | 
denote the usual supremum-norm and /C(M™) the set of convex bodies in M. n . 

Question A (Continuity of the inverse Klain map). Let K 6 /C(IR") be a convex 
body. Does there exist a constant C > ( depending on K) such that 

(1.1) \4>{K)\ <C||KL> || 

for all <t> e Val+ ? 
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A different kind of dependence of <j> on its values on «-dimensional convex bodies 
arises in the investigation of positive valuations, i.e. valuations which satisfy <fr(K) > 
for all K G /C(M"). Here it is of interest to decide whether (f>(L) > for i- 
dimensional convex bodies L implies that <j>{K) > for all convex bodies K. For 
special classes of valuations such as constant coefficient valuations this is known to 
be true, see [HI Corollary 2.10]. 

Question B (Monotonicity of the inverse Klain map). Let K 6 /C(R") be a convex 
body. Is it true that 



for all 4> £ Val+ ? 

As we will see, Question A and B are related in the sense that if K £ /C(R") 
satisfies (|1.2[) for every <j> S Val^~, then also (|l.ip holds true for every <p S Val^~. The 
answer to Question A is 'yes' for generalized zonoids, which are a dense subset of 
centrally symmetric convex bodies. In general however, the answer to Question A 
or Question B is negative. 

Theorem. If < i < n— 1, then there exist centrally symmetric convex polytopes 
such that neither nor (|1.2[) hold for every <f> £ Val^~ . 

More precisely, we can characterize those centrally symmetric convex bodies for 
which the answer to Question A or Question B is positive. We need some notation 
to state the results. 

Let G(i), < i < n, denote the class of those centrally symmetric convex bodies 
K with the property that there exists a signed Borel measure fix on Gr^ such that 



for each E £ Gr.;. Here vo\i(K\E) denotes the i-dimensional volume of the orthog- 
onal projection of K on E and cos(E, F) denotes the cosine of the angle between 
E and F. It is a well-known fact that if K G /C(K") is a generalized zonoid, then 
K G G(i), see e.g. [5Z1 Theorem 2.2] or [50] • In particular, Q(i) lies dense in the 
space of centrally symmetric convex bodies. 

The following theorem shows that the answer to Question A is positive precisely 
for those convex bodies K which lie in Q{i). 

Theorem. Suppose that K £ /C(R") is centrally symmetric and that < i < n. 
Then K £ Q{€) if and only if there exists a constant C > such that 



for any <j> € Val^~ . 

Extending a result of Goodey and Weil [20] , we show in Theorem 13.41 that a 
centrally symmetric convex polytope P is an element of Q(i) if and only if P has 
centrally symmetric (i + l)-faces. In particular, not every centrally symmetric 
convex body is an element of Q(i) for i ^ n — 1. 

Let fC{i), < i < n, denote the class of those centrally symmetric convex 
bodies K with the property that ()1.3p holds with a positive Borel measure fiK- 
These classes have been introduced by Weil in [57] and were subsequently studied 
by Goodey and Weil in [20]. The class /C(l) coincides with the class of centrally 
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(1.3) 
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symmetric zonoids and K,[n— 1) = Q(n— 1) consists of all centrally symmetric convex 
bodies. The following theorem shows in particular that the answer to Question B 
is negative in general. 

Theorem. Suppose that K G JC(M. n ) is centrally symmetric and that < i < n. 
Then K S tC(i) if and only if 

< Kl =>> < 4>{K), 

for every (j) S Val/" . 

The (dis-)continuity of the inverse Klain map underlines once more the impor- 
tance of the notion of smooth valuation, which was introduced by Alesker in [5] . As 
a consequence of the characterization of the classes Q (i) , we show in Corollary 14.21 
that the inverse of the Klain map Kl : Val+ — > C(Gr;) is not continuous for i ^ n—1. 
However, it was proved by Alesker and Bernstein that when restricted to (Val/) 00 , 
the subspace of smooth valuations, the Klain map Kl : (Val/") 00 — > C°°(Grj) be- 
comes an isomorphism of topological vector spaces onto its image (see [12] )■ One 
consequence of the discontinuity of the inverse Klain map on continuous valuations 
is that Alesker's Fourier transform F : Val°° — !> Val°° (see 0[TU]), which is an iso- 
morphism of topological vector spaces, cannot be continuously extended to a map 
Val — > Val. As another consequence of the characterization of the classes G(i), we 
obtain that not every even, translation- invariant, continuous valuations is angular. 
More precisely, we show that there exist smooth valuations which are not angular. 
This and related questions are discussed in greater detail in Section [5] 

One of the pillars of the theory of translation-invariant, continuous valuations is 
McMullcn's decomposition theorem [33]. It states that given a translation-invariant, 
continuous valuation <f>, there exists for each i = 0, ...,n a unique translation- 
invariant, continuous valuation <pi which is homogeneous of degree i such that 

(1.4) 4> = 4>o + --- + 4> n - 

McMullen raised the question whether the same decomposition holds true in the 
class of translation-invariant, monotone valuations. Here a valuation is called mono- 
tone if K C L implies <j>(K) < <fi(L). Due to a theorem of McMullen [53], ev- 
ery translation-invariant, monotone valuation is necessarily continuous. Recently, 
Bernig and Fu [IB] have shown that a translation-invariant, continuous valuation is 
monotone if and only if each of its homogeneous components is monotone, thereby 
providing a positive answer to the question of McMullen. However, the correspond- 
ing problem for positive valuations remained open. Using that the inverse of the 
Klain map is not monotone (see Corollary 14. 2|) , we prove that an analog of Mc- 
Mullen's decomposition theorem does not hold in the class of positive, translation- 
invariant, continuous valuations. 

Theorem. If n > 3, then there exists a positive, even, translation-invariant, con- 
tinuous valuation on /C(R n ) such that not all of its homogeneous components are 
positive. 

First results on convex-body-valued valuations were obtained by Schneider [58] 
in the 1970s. In recent years, the seminal work of Ludwig [53H3B] has triggered 
more extensive investigations of such valuations 1,2,22 26 ,45,52-55,59 , in partic- 
ular in connection with the theory of affine isoperimetric inequalities 37 40 . The 
existence of a decomposition f| 1 .4[) for convex-body- valued valuations would be very 
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beneficial for this area, since it would then be sufficient to study convex-body- valued 
valuations which are homogeneous of a certain degree. A first step in this direction 
was taken by Schuster and the first named author [46j . who generalized the well 
known Steiner formula to translation-invariant, continuous Minkowski valuations 
$ : /C(R") — > /C(R"), i.e. convex-body-valued valuations where the addition on 
the target space is the usual vector addition of sets. The existence of a McMullen 
decomposition for Minkowski valuations would immediately imply this Steiner for- 
mula for Minkowski valuations. However, from the result on positive valuations we 
immediately obtain that a McMullen decomposition for Minkowski valuations does 
not exist. This solves a problem first posed by Schneider and Schuster [52] (see also 

[MUM])- 

Corollary. If n > 3, then there exists an even, translation-invariant, continuous 
Minkowski valuation $ : /C(R n ) — > /C(R") which cannot be decomposed into a sum 
of homogeneous Minkowski valuations. 

2. Definitions and Background 

2.1. Valuation theory. We denote by Gr^ = Gri(R n ) the Grassmann manifold of 
i-dimensional, linear subspaces of R™ and by Gri the Grassmannian of the corre- 
sponding affine subspaces. We write /C(R") for the space of convex bodies of R™, 
i.e. non-empty, convex, compact subsets of R™, and "P(R n ) for the set of polytopes 
in R n . We use x ■ y to denote the standard Euclidean inner product of x, y € R" 
and | a; | = y/x ■ x for the Euclidean norm of x G R n . The topology on /C(R") is 
induced by the Hausdorff metric on /C(K"), 

d H (K, L) = inf{r > : K C L + rB n and L C K + rB n }, K,Le /C(R"), 

where B n = {x e R" : |x| < 1} denotes the Euclidean unit ball of R ra . We put 

w « = vol " (B " ) = TXfTi) 

for the volume of the n-dimensional Euclidean unit ball of R™ and set S"™ -1 ={i£ 
R™ : \x\ = 1} for the Euclidean unit sphere. We denote by 

Hk{x) = h(K, x) = max{x • y : y € K}, i e 1". 

the support function of a convex body K £ /C(R"). 

Definition 2.1. Let (A, +) be an abelian semigroup. A map (f> : /C(R") — > A is 
called an A-valued valuation if 

(2.1) <f>(KL>L) + <i>(KnL)=(P(K) + </>(L), 

whenever K, L, and K U L £ /C(R"). 

In the case (A, +) = (C, +) we speak of (scalar-valued) valuations. In the case 
(A, +) = (/C(R"), +), where '+' denotes the usual Minkowski sum of sets, i.e. 

K + L = {x + y: xeK and y G L}, 

we speak of Minkowski valuations. It follows from the basic properties of support 
functions (see e.g. Schneider [50] ) that a map $ : /C(R") — > /C(R") is a Minkowski 
valuation if and only if for every x G R" the function 

K i y h(<PK,x) 
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is a valuation. 

A valuation <fi is called continuous if it is continuous with respect to the topology 
induced by the Hausdorff metric. We call <f> translation-invariant if 4>(K+x) — <f>(K) 
for every x E W l and K S /C(R ra ) and we call homogeneous of degree i if 
4>{tK) = t l (f>(K) for any t > and K E /C(R"). The space of translation-invariant, 
continuous valuations is denoted by Val and the subspace of i-homogeneous valua- 
tions is denoted by VaL,. The following result is known as McMullen's decomposition 
theorem. 

Theorem 2.2 (McMullen [35]). 

n 

Val = Val; . 

i=0 

The space Vah can be further decomposed into even and odd valuations, Val, = 
Val/" © Val~, where a valuation 4> is called even (resp. odd) if 4>(~K) = 4>(K) (resp. 
4>(—K) = —(f>(K)) for every K E /C(R"). It follows from McMullen's decomposition 
theorem that 

\\4,\\ = supMJQI : K C B n } 
defines a Banach norm on Val. If we replace B n by a convex body B with non-empty 
interior, we obtain an equivalent norm. 

The canonical action of GL(n), the group of invertible, linear transformations of 
R", on Val is given by 

(g-cl>)(K)=4>(g- 1 K). 

A valuation 4> is called smooth if g g ■ <f> is a smooth map from GL{n) to 
the Banach space Val. The subspace of smooth valuations is denoted by Val°° 
and carries a natural Frechet space topology via the identification of Val°° with 
the closed subspace of C°°{GL{n) 1 Val) consisting of the smooth maps g i-> g ■ (j>, 
4> G Val°° . Smooth valuations form a dense subspace of Val. For more information 
on smooth valuations see e.g. [6] or the survey article [8]. 

We denote by V(K\, K n ) the mixed volume of K\, . . . , K n € /C(M n ), which is 
normalized such that V(K, . . . , K) = vol n (K). Given a partition n = i\ -\ — • + i m , 
ij > 1, and convex bodies K±, . . . , K m G K,(M. n ) we put 

ViKtih], K m [i m \) - V( K U . Ki , . . . , K m ,. K m ) . 

i\ times z m times 

If ij = 1, we omit [ij]. Fix A x , . . . , A n ^ E /C(R"). Then 

K^V(K[z\,A 1 ,...,A n _ i ) 
defines an element of Val;. In particular, the z-th intrinsic volume is given by 

Vi {K) = -^-Vm],B n [n-i}), 

where the normalization is chosen such that for i-dimensional convex bodies K 
the intrinsic volume Vi(K) equals the ordinary i-dimensional volume of K. The i- 
dimensional volume of the orthogonal projection of a convex body K onto E E Gr.; 
can be expressed as a mixed volume, 

(2.2) vok(K\E)= ( n )v(K[{\,L E [n-i\), 
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where Le is any convex body contained in E , the orthogonal complement of E, 
with vol„_ 2 (iij) = 1, see [50l p. 294]. 

Given convex bodies K%, . . . , K n -\ E JC(M. n ) there exists a positive Borel measure 
S(Kx, . . . , K n -i, ■ ) on the Euclidean unit sphere called the mixed area measure of 
K\, . . . , K n —i which is uniquely determined by the property 

V{L, K\, . . . , K n -\) = — [ h(L,u)dS(K 1 ,...,K n ^ 1 ,u) 
n J s „-i 

for every L E /C(K"). For K E /C(M") and < i < n the mixed area measure 

Si(K, -):=S(K\i],B n [n-i-l], ■) 

is called the i-th (Euclidean) area measure of K. For a polytope P E K(M. n ) the 
i-th. area measure is given by the formula 

(2.3) S l (P,u J )=( n ) — V K n - 1 -' l (N(F,P)nu J )voh(F). 
V i J n — i c — ' 

Here N(F, P) denotes the normal cone of P at F, ~K k the fc-dimensional Hausdorff 
measure on R", and T\{P) the set of i-faces of P. 

McMullen conjectured that every continuous, translation-invariant valuation can 
be approximated by linear combinations of valuations of the form K H> vol n (K+A), 
A E /C(M"). The following theorem was proved by Alesker [S] and it provides — in 
a much stronger form — a positive solution to McMullen's conjecture. 

Theorem 2.3 (Alesker [5]). For each i the spaces Vaif and VaL7 are irreducible 
GL(n)-representations, i.e. they do not have proper, invariant, closed subspaces. 

A valuation <fi E Val is called simple if it vanishes on convex bodies with empty 
interior. Klain [31j proved that if is a translation- invariant, continuous, even, 
and simple valuation, then cj> must be a multiple of the n-dimensional volume, 
4> = cvol„ for some constant c E C. Fix < i < n. Given (f> E Val^ and E E Gr^, 
we denote by 4>e the restriction of <j) to the subspace E. As a valuation on E, 4>e 
is translation-invariant, continuous, even, and by Theorem 12.21 simple . Thus, <Pe is 
proportional to the i-dimensional volume on E and we denote this proportionality 
factor by Kl^E) E C, 

4>e = K1<^(£J) volj, E E G^i . 

Let C(Grj) denote the space of continuous functions on Grj. The map Kl : 
Val^ — > C(Grj), <f> h> Kl^, is called Klain map and it is easy to see that it is a 
continuous, linear operator. 

Theorem 2.4 (Klain 32J). The Klain map Kl : Val^ — > C(Grj) is infective. 

Finally, let us recall the following result of McMullen 05j . Leaving the defining 
Equation (|2.1[) unchanged, we can also consider valuations defined on (subsets of) 
convex polytopes or polyhedral cones. A valuation on V(M. n ) is called dilatation 
continuous if t H> <fi(tP), t > 0, is continuous for each P E V(M. n ). A valuation on 
the set of polyhedral cones with apex of dimension at most i is called simple if it 
vanishes on cones of dimension less than i. 
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Theorem 2.5 (McMullen [B]). A junction <f) : V{R n ) -> C is a translation- 
invariant and dilatation continuous valuation if and only if 

n 

<H P )=E E K-i(F,P)vol i (F), 

i=0 FEFi(P) 

for every P G V(W l ), where A n _, is a simple valuation on the set of polyhedral 
cones with apex of dimension at most n — i and \ n -i{F, P) — \ n -i(N (F, P)). 

2.2. Integral transformations on Grassmannians. For integers < i,j < n 
and F G Gr 3 , we denote by Grf the set of all linear subspaces E G Gr^ for which 
either E C F, E — F, or E D F depending on whether i < j, i = j, or i > j. 

The Radon transform is the continuous, linear operator Rji : C(Gri) — > C(Grj) 
defined by 

RjifiF) - f f(E) dvpiE), F G Gr„ 

JGxf 

where vp denotes the unique rotation- invariant probability measure on Gr^. 
It is well-known, see e.g. [SSj Satz 6.1.1], that 

(2.4) f f f(E,F) dvp(E) dF = f f f{E 1 F)dv E {F)dE, 

JGr-j JGr? JGr, JGif 

for each / G C(Gyi x Gr^). As a consequence, we obtain the relations 

Rki = Rkj ° Rji and Rik = Rij o Rj^ 

for all integers 0<i<j<k<n. Since 

_L oR n _ i n _j — RijO _L 

each one of the above relations implies the other. Let ^(Gr.;) denote the Hilbcrt 
space of square-integrablc functions on Gr j . The Radon transform can be extended 
to a continuous, linear operator Rji : L2(Gr^) — > La(Grj-). An application of (|2.4p 
shows that Rij is the adjoint of Rji, that is 

(2.5) (Rjif,g) = (f,Rij9) 

for all / G L2{Gri) and g G L2(Grj). Here ( • , • ) denotes the L2 inner product on 
the spaces Z/2(Gri) and L2(Gij), respectively. 

We remark that the Radon transform is an intertwining operator, i.e. the Radon 
transform commutes with the S'0(n)-actions on the spaces C(Gri) (and hence also 
^(Gr^)), maps smooth functions to smooth functions, and Rji : C°°(Gii) — > 
C°°(Gij) is continuous in the C°°-topology. Using relation (|2.5p . we can easily 
extend the domain of the Radon transform to measures or distributions. For a 
signed Borel measure on Gr^ we define Rjifi by 

(2.6) f gd(R ji n)= [ RijgdfJL, g&C(Gr 3 ). 
JGtj JGn 

More information on the Radon transform may be found in [351 123- Recently, 
Alesker [5] established the existence of a Radon transform of smooth valuations 
which contains the classical Radon transform of smooth functions and the Radon 
transform of constructible functions as special cases. 
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For E,F £ Gri the cosine of the angle between E and F is the number 

vok(A\E) 



(2.7) cos(E,F) 



vol, (A) ' 



where A C F is a convex body of non-zero i-dimensional volume. It is not difficult 
to show that 

(2.8) cos(E, F) = cos(F, E), cos(E ± ,F ± ) = cos(E, F), 
and 

(2.9) cos(£,F)<l. 

The cosine transform is the continuous, linear operator Ci : C(Gri) — > C(Grj), 
defined by 

Cif{E)= [ cos{E,F)f(F)dF, EeGr,. 
Using that ||/|ji < H/H2 on probability measure spaces and (|2.9|) . we obtain 



¥'if\\l=f cos(E,F)f(F)dF\ dE<\\fg 



for all / <E C(Gri). Hence, also the cosine transform can be extended to a continuous 
operator on £2(61^). It follows from (|2.8|) that the cosine transform is a self-adjoint 
operator, i.e. 

(Cif,g) = (f,C i9 ) 

for all /, g S ^(Gr^) and that 
(2.10) _L od = C n 



Like the Radon transform, the cosine transform is an 5'0(n)-intertwining oper- 
ator. As in the case of the Radon transform, this implies that Ci maps smooth 
functions to smooth functions and that Ci : C°°(Gri) — > C°°(Gr.i) is continuous in 
the C°°-topology. For a signed Borel measure on Gr^ we define Cj/z £ C(Gri), the 
cosine transform of [A, by 



Cip(E) = [ cos(E,F) dn{F), E £ Gr. t 



For more information on the cosine transform we refer the reader to [2T] and [T2] . 
The cosine transform plays an important role in the theory of translation-invariant, 
continuous valuations (see [5]). This connection works both ways, as the image of 
the cosine transform was determined in [12 using results from valuation theory. 



3. POLYTOPAL MEMBERS OF Q{l) 

The aim of this section is to give a characterization of the polytopal members of 
G(i), slightly generalizing results obtained by Goodey and Weil [50] for K.(i). For 
the convenience of the reader we have decided to include a complete proof instead 
of referring to the various arguments and results scattered in |2(J| and pointing out 
modifications. 
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If K £ /C(R") is centrally symmetric, then voli(iT|Ru) = 2h(K,u), u £ S n_1 . 
Hence, K £ /C(l) (or K £ G(l j) if and only if K is a (generalized) zonoid, see e.g. 
[501 Section 3.5]. Moreover, since 

vo\ n _ 1 {K\u^) = \ [ \u-v\dS n -i(K,u), u£S n -\ 

we obtain that )C(n— 1) = Q{n— 1) consists of all centrally symmetric convex bodies. 
From J5UJ Theorem 5.3.1] one can deduce that /C(l) C JC(i) and £/(l) C <?(i), see 
e.g. [571 Theorem 2.2]. Thus, we have the inclusions 

£(1) C C £(n - 1) and 0(1) c C £(n - 1). 

For E £ Gr^ we denote by V(Ki, ... ,Ki : E) the mixed volume of the orthogonal 
projections of Ki, . . . , Ki on E computed in E. 

Lemma 3.1 (Schneider [5T]). If K £ G{i), then 

(3.1) V(K\i],L u ...,L n - i ) = W V(L 1 ,...,L n ^:E ± )dti K (E) 
for any convex bodies L\, . . . , £ n -i G /C(R"). 

Remark 3.2. Goodey and Weil J2UJ proved Lemma [3.11 under the additional as- 
sumption that Li, . . . , L n ^i are centrally symmetric and raised the question whether 
(I3.1[) holds true in general. The proof given below using the Klain map is due to 
Schneider [51) . For completeness and since it is a nice application of the injectivity 
of the Klain map, we have included it here. 

Proof of Lemma [5Jl We define valuations (f>, ip £ Val^_j by 

cf>(L) = V(K\i],L[n-i]) and ij)(L) = Q J va\ n -i(L\E^) dfj, K (E). 
From the definition of the Klain map, (|2.2j) . (|1.3|) . and (|2.8j) we deduce that 

Kl 4> (F)=^ voli(K \F X ) = Q cos{F,E^)d m {E). 

On the other hand, from the definition of the cosine of the angle between two 
subspaces (|2.7|) we obtain 

K1^(F)=Q j cosi^E^ dfi K (E). 

Thus, Kl^ = KI,/,. The injectivity of the Klain map (Theorem 12. 4p therefore yields 
(f> = tl). We conclude that (JSU) holds if L = L x = . . . = L„_ 4 £ /C(M"). To deduce 
the general case from this, just put L = XiLi + • • • + \ n -iL n ^i and expand both 
sides of (|3.1j) into polynomials in Ai, . . . , \ n -i > 0. □ 

If K £ JC(M. n ) is origin symmetric, then Hk is an even function on the sphere and 
hence can be viewed as a function on Gri. Similarly, if /i is a symmetric measure 
on S*™ -1 we may view \i as a measure on Gri and vice versa. 

Lemma 3.3 (Goodey and Weil [10]). If K £ /C(M") is origin symmetric and 
1 < i < n — 1, then 

V(K,B n [i — 1]:E)= tJiRi^hK^E), E £ Gr, . 
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Proof. Let B E ± be the (n — i)-dimensional ball in E 1 - centered at the origin with 
vol n -i(B E ±) — 1. By (12.21) we have 

vok(K\E) = \^V(K[i] t B E ±[n-t\). 

Similar to the proof of Lemma 13.11 we get 

(3.2) V(Kx, ...,KiiE)=rj V{K U ■ ■ ■ ,K t , B E ± [n - i]) 

for all Ki, ...,Ki £ /C(M"). Using the definition of the (n — i)-th surface area 
measure, we get for K £ /C(R") 

V(K,B[i-l}:E) = (^\v(K > B n [i-l} > B E ±[n-i}) 

")-/ h(K,u) dS n -i(B E ±,u). 



Since the measure S n -i(B E ± , ■ ) is uniformly distributed on S" 1 n E with total 
mass (™) 1 nuji (cf. Equation (|2.3p ). we get the desired equation. □ 

The following theorem gives the desired characterization of the polytopal mem- 
bers of G[i). 

Theorem 3.4. Let P £ /C(R") be a centrally symmetric polytope. Then P £ Q(i) 
if and only if P has centrally symmetric (i + l)-faces. In particular, Q{i) ^ Q(n— 1) 
if i 7^ n — 1 . 

Proof. Suppose P £ Q(i) is a polytope. From p.ip we obtain 

V{P\i],L,B n [n-i- 1]) = M J V{L,B n [n-i-V\: E^) dnp{E) 

whenever L £ JC(M. n ) is an origin symmetric convex body. Using Lemma 13.31 and 
(|2.tj|) , we arrive at 

7(P[i] 1 I,B"[fi-i-l]) = w„- i M £ Rn-^hLiE^) dnp{E) 

I Rn-i,ih L (E) dnp-(E) 



-1 

n 1 



-l 

n ' 



. / Hl d(R^ n -ifj,p). 



But on the other hand 



F(P[i],L,B>-;-l]) = i / h L (u) dSi(P,u). 
Since this holds for all L, we conclude 

(3.3) 5i(P, • ) = nwn-iuj R l;7l -i^p. 

Let /z be a signed Borel measure on Gr n _j. We claim that the measure Rx <n -ifx 
is evenly distributed on lines contained in (n — i)-dimensional subspaces. Indeed, 
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fix a subspace E £ Gr„_i and let A C Gri be a Borel set such that every element 
of A is a subset of E. We compute 

Rx, n -iK A ) = I Rn-i.lXA d\i = v E {A)\i({E}), 

where ve is the Haar measure on Gr^, the set of lines contained in E. Since the 
support of Si(P, ■ ) is contained in a finite union of (n — i)-dimensional subspaces, 
see (|2.3I) , and by (|3 . 3[) the measure Si (P, ■ ) is the Radon transform of some signed 
measure on Gr„_ i; we obtain that there are positive constants oti,...,a m and 
subspaces E\,..., E m £ Gr„_i such that 

m 

Si(p, A) = J2 0L 3 n n - l - x (A n e : ) 

3=1 

for every Borel set A C S 71 ^ 1 . From this together with (|2.3p . we deduce 

m 

(3.4) \jEj= |J N(F,P) 

and that parallel j-faces have the same i-dimensional volume. 

Let G be an (i + l)-face of P and F and i-face of G. Recall that N(G, P) is a 
facet of N(F, P). By (|3.4J) there must be an j-face F' of P parallel to F such that 
N(G,P) is also a facet of N(F',P). Therefore F' must be contained in G. Hence 
the z-faces of G appear in parallel pairs of the same volume. It is well-known that 
two solutions of the Minkowski problem differ only by a translation. Considering 
the Minkowski problem in the affine subspace spanned by G, we deduce that — G 
must be a translate of G. Hence G is centrally symmetric. 

Conversely, let < i < n — 1 and suppose that P is a polytope with centrally 
symmetric (i + l)-faces. Let F be an i-face of P and suppose G is any (i + 1)- 
face containing F. Since G is centrally symmetric, the reflection in the center of 
G carries F to a translate of —F. Any (i + l)-face containing this translate must 
contain for the same reason a translate of F, and so on. Let P' denote the projection 
of P onto the subspace orthogonal to F. The t-face F corresponds to a vertex F' 
of P' and the (i + l)-faces containing F correspond to edges of P' containing F 1 . 
Note that any vertex of P' can be connected by an edge path to the vertex F'. 
Together with the above we see that vertices of P' are projections of i-faces of P 
parallel to F. This implies that the union of the normal cones of «-faces parallel to 
F is an (n — i)-dimensional subspace. 

Fix L £ Gi'i. Applying Theorem 12.51 to the valuation cf>(P) — voL(P|L), we 
obtain that there exists a simple valuation A„_i on the set of polyhedral cones with 
apex whose dimension is at most n — i, such that 

(3.5) voli(P|i)= A IM (F,P)voh(F) 

for every P £ V(M. n ). If P is a polytope with centrally symmetric (i + l)-faces, 
using that A„_i is simple, we conclude from the above that there exist subspaces 
Ex, ... , E m £ Gr n -i and positive numbers ai, . . . , a m such that 

m 

V0k(P\L) = J2 a 3 X n-i(Ej). 
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Plugging i-dimensional polytopes into (|3.5|) . we find that 

\ n - % {E) = cos{E ± ,L), E e Gr„_, ; . 

Thus, 

vok(P\L) = oij cos(Ej~,L) 

and hence P 6 JC{i) C Q(i)- This concludes the proof of the theorem. □ 

It is "well-known that every generalized zonoid which is a polytope is in fact a 
zonoid, see e.g. [SU] Corollary 3.3.6]. This can be expressed as 

/C(i)nr = g(i)nr. 

The above proof also yields a more general version of this. 
Corollary 3.5. 

K(i) n V n = G(i) n V n , 0<i<n. 

We put V{i) := JC(i) n = G(i) n "P". 

Corollary 3.6. Let n > 4. TTien 

V(l) = ■ ■ ■ = V(n - 3) £ V( n - 2) £ P(n - 1). 

Proof. McMullen [5T] proved that if P € V (R™ ) has centrally symmetric fc-faces for 
some k, 2 < k < n — 2, then the faces of P of any dimension are centrally symmet- 
ric. In the same article McMullen gives an example of a polytope with centrally 
symmetric (n — l)-faces such that not every (n — 2)-face is centrally symmetric. 
Furthermore, it was shown by Shephard [SB] (see also McMullen [15]) that if P 
has centrally symmetric k- faces for some k, 2 < k < n — 1, then P has centrally 
symmetric (k + l)-faces. □ 

Remark 3.7. Recall that £7(1) C G(i) C G{n — 1) for 1 < i < n— 1. It is an open 
problem whether the inclusion 

holds true for general < i < j < n. 

4. The Klain map 

In this section we show that the question whether a centrally symmetric convex 
body K e K,(M. n ) belongs to G(i) or JC{i) can be decided using valuations from 
Val+ 

Theorem 4.1. Let K G JC(M. n ) be centrally symmetric and < i < n. Then 
Kg G{i) if and only if there exists a constant C > such that 

(4.1) \<j>{K)\ <a||Kl || 

for any (f> G Val^ 1 " . 

Proof. Fix if g ^(i) and let <f> G Val^ 1 " be the valuation defined by 
<XM) = V(M[i],Li, . . . , L n _i), M e AC(M n ), 
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where L±, . . . , L n -i are centrally symmetric convex bodies. It follows from (|3.2p 
that Kl^E) — (™) V(Li, . . . , L n ^i : E ). Hence we can rewrite formula (|3.ip as 

(4.2) cj>{K) = f Kl^E) dfi K (E). 

JGri 

By Alesker's irreducibility theorem, linear combinations of valuations of the form 
4>(M) = V(M[i], L\, . . . , L n _j) lie dense in Valf , see Theorem l2.3l By the continu- 
ity of the Klain map, we conclude that (|4.2p holds for any <f> £ Val^". Thus, there 
exists a constant C > such that (|4.1[) holds for any <j) G Val^". 

Conversely, if (|4.1|) holds, then the Hahn-Banach theorem and the Riesz repre- 
sentation theorem imply the existence of a signed Borel measure \ik on Gr^ such 
that flUD holds for any <j> G Val+. Fix F G Gr, and put = voL(-fT|F). Clearly, 

G Val+ and Kl (^) = cos(£, F). Thus, jOJ) implies ([131), that is, € Q(i). □ 

We define a partial order on Vah by <f> < tp if and only if </> and ■0 are real- valued 
and <j>(K) < ij){K) for every K 6 /C(M"). Similarly, we define a partial order on 
C(Gri). Since the Klain map is injective (Theorem 12. 4p . we can consider its inverse 
KP 1 : im(Kl) -> Val+. 

Corollary 4.2. If i ^ n — 1, then the inverse of the Klain map Kl" 1 : im(Kl) — > 
Val^ is not continuous and not monotone. However, Kl : Val^_ x — > C(Gr n _i) is 
an order isomorphism. 

Proof. Assume that the inverse of the Klain map is continuous. Then there exists 
a constant C > such that \\</>\\ < C|| Kl«^ || for each 4> € Val/" . This clearly implies 
that for every convex body K there exists a constant Ck > such that 

<Ck||ki || 

for every <j) € Val^~. Using Theorem 14.11 we obtain = Q(n — 1). If z ^ n — 1, 
this contradicts Theorem 13.41 

Next we show that if the inverse of the Klain map was monotone, then it would 
also be continuous. In fact, in this case — | KLj, || < KLj, < || KLj, || implies |<^(i^)| < 
Vi(.ftT) || KL/> ||, which gives continuity. Hence we conclude that if i ^ n— 1, then the 
inverse of the Klain map KP 1 : im(Kl) — > Val^~ cannot be monotone. 

Suppose now i = n — 1. We define a map T : C(Gr„_i) — > Va\^ l _ 1 by 

Tf{K) = \f fiu 1 -) dS n - X (K,u). 

Since 

(KloT)(/) = / 

we conclude that Kl : Val^Lj — > C(Gr n _i) is surjective and T = Kl" . Since the 
area measure S n -\(K, • ) of a convex body if is a positive measure, we conclude 
that Kl is an order isomorphism. □ 

Corollary 14.21 is in sharp contrast with the following result due to Alesker and 
Bernstein. Here (Valf)°° and C°°(Gri) are equipped with their natural C°°- 
topologies and all topological concepts refer to these topologies. 

Theorem 4.3 (Alesker and Bernstein [12]). The Klain map Kl : (V&lf)°° —>■ 
C°°(Gri) ; < i < n, is an isomorphism of topological vector spaces onto its image. 
In particular, the image of the Klain map is closed. 
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We can use Corollary E21 to deduce that Alesker's Fourier transform F : Val°° — > 
Val°° cannot be extended to a continuous map F : Val — > Val. Indeed, assume that 
such an extension F existed. If <j) S (Valf ) 00 , then it is known that ¥<f) G (Val^J 00 
and 

(4.3) K1 F0 (£) = K1 (S ± ), E e Gr n _i, 

see [5J (there the Fourier transform was denoted by D and called duality transform) . 
In particular, we see that F o F(</>) = <j) for each (j) € (Val + )°°. By continuity, we 
obtain F o F(</>) = cf) for every <p 6 Val + , which shows that F : Val + — > Val + is a 
linear isomorphism of Banach spaces. Extending (14. 3[) by continuity, we arrive at 
the following commutative diagram: 

Val+_i — Val+ 



Kl 



Kl 



C(Gr n _i) > C(Gn) 

Since Kl : Val^ l _ 1 C(Gr„_i) is a linear isomorphism by Corollary 14.21 we 
conclude that Kl : Val+ — > C(Gri) is a linear isomorphism as well. This, however, 
contradicts Corollary 14. 21 

It was shown by Alesker [5] that the map Ai : C°°(Gri) — > (Valf)°° given by 

Mf)(K) = f vok(K\E)f(E) dE 

JGii 

is surjective. Our next result shows once more that the assumption of smoothness 
is crucial. If we consider only continuous valuations, the corresponding statement 
is false, even if we extend the domain of Ai to M(Gri), the space of signed Borel 
measures on Gr^, 



A i (fi)(K)= / vo\i(K\E) dfi(E). 

The Klain function of Ai(/S) 6 Val^~ coincides with the cosine transform of /i 
(4.4) Kl(AM) = Ci(j*), 

see e.g. [BJ. 

Corollary 4.4. The map Ai : Af(Gr^) — > Val^, 1 < i < n, is not surjective. 

Proof. By Theorem 13.41 we can choose a centrally symmetric convex body L € 
/C(K") which is not contained in Q{n — i). Define a valuation <f> & Val/" by 

cj)(K) = V(K[i],L[n-i]). 

If <f) — Ai(^l) for some signed measure /i, using (|2.2[l . ()4.4p . and (|2.10p . we obtain 

vo\ n -i(L\E) = W KV(^) = (^j{C n -^){E), 

for each E £ Gr ra _;. This contradicts our choice of L. □ 
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Another consequence of Theorem 14.11 is related to the problem of describing the 
subspace of angular valuations. Recall that <f> £ ~Valf is called angular if for every 
polytope P 

0(P) = ]T Kl <p (F) 7 (F,P)yol i (F). 

Here 7(F, P) denotes the normalized exterior angle of P at its face F and F the 
unique translate of the affinc hull of the face F which contains the origin. Important 
examples of angular valuations are the classical intrinsic volumes and the Hermitian 
intrinsic volumes. Moreover, every constant coefficient valuation is known to be 
angular, see \17\ Lemma 2.29]. Examples of valuations which are not angular are 
harder to come by and not very much seems to be known concerning the class of all 
angular valuations. As a consequence of Theorem 14. II we obtain that there exists 
a non-trivial obstruction to the angularity of valuations. In particular, we see that 
the smoothness class of <j> is not important. For a similar phenomenon see [llj . 

Corollary 4.5. Every <j> £ VaLj^ is angular. If < i < n — 1, then there exists a 
4> € (Val^)°° which is not angular. 

Proof. Suppose <p S Val„_ x . From the proof of Corollary |4.2l we immediately obtain 
<f>(P) = \ I Klt(u x ) dS n ^(P,u) 

Z J Sn -i 

= Kl^(F) 7 (F ) P)vol n -i(F). 

Thus, every <j> £ Val^_ x is angular. 

Now fix < i < n — 1 and let <j) & (Val^~)°°. If <f> is angular, then 

WP)|<||K1*|| J2 l(F,P)vok(F) 

= ||Ki^||y,(p). 

If we assume that every <fi € (Valf)°° is angular, then the above inequality implies 
that (|4.1[) holds for every <p G (Val^)°°. Since smooth valuations lie dense and 
the Klain map is continuous, (|4.1|) would in fact hold for every (f> £ Val^ . By 
Theorem 14.11 we obtain that every centrally symmetric polytope is contained in 
Q(i). This contradicts Theorem 13.41 □ 

Before we proceed, let us review a representation result for positive, linear func- 
tional due to Choquet [TH1 Theorem 34.6]. Let X be a locally compact, Hausdorff 
space and C(X, R) the vector space of continuous, real-valued functions on X with 
the usual ordering: f < g if and only if f(x) < g{x) for all x £ X . For each subspace 
H C C(X,R) we denote by H+ those f £ H with / > 0. Let f,g £ C(X,R)+. 
We say that / dominates g if for any e > there is an h £ C c (X, R) such that 
g < ef + h. A subspace H C C(X, R) is called adapted if the following holds: 

(i) H = H+ - H+; 

(ii) for all x £ X there is an / £ H + such that f(x) > 0; 

(iii) every g £ H + is dominated by some / £ Ft + . 

Observe that if X is compact, then (iii) is automatically satisfied. 
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Theorem 4.6 (Choquet [TH1 Theorem 34.6]). Let X be a locally compact Hausdorff 
space and H C C(X, K) an adapted subspace of continuous functions. Suppose 
A : H — > R is a positive, linear functional, i.e. A(/) > whenever f £ H + . Then 
there exists a positive Radon measure \i such that every f S H is fi-integrable and 



whenever f 6 H . 

Theorem 4.7. Let K £ /C(R") be centrally symmetric and < i < n. Then 
K £ fC{i) if and only if 



for every <f> € Val/ . 

Proof. Suppose K £ IC(i). Since /C(i) C Q{i), we obtain as in the first part of the 
proof of Theorem 14.11 that 



but now with some positive Borel measure [Ik- This immediately yields (|4.5[) . 

Conversely, assume that (|4.5p holds. Note that the subspace im(Kl) C C(Grj) is 
adapted. In fact, we have Kl0 = || Kl^ || — (|| Kl^ || — Kl^) for any (j> £ VaL" 1- ; the other 
conditions are trivial. Hence the positive linear functional / h-> Kl (/)(!£") defined 
on im(Kl) can be represented by some positive Radon measure [Ik on Gr^. Thus, 
4>{K) = J Gr Kl^E) d/j,K(E) for any <\> g Val^ 1 " and as in the proof of Theorem 14. II 
we conclude that K £ K,{i). □ 

It is well-known that /C(l), the class of zonoids, is a closed subset of /C(R"), 
see e.g. [50]. The same holds true for all the other classes IC(i), < i < n. The 
second named author was informed by W. Weil that this result can be deduced 
from [50J Corollary 5.2]. We prefer to give a new proof using Theorem 14.71 

Corollary 4.8. For < i < n the class IC(i) is a closed subset of K,(M. n ). 

Proof. Let K m S /C(i), m > 0, be a sequence of convex bodies converging to a 
convex body K. If e Val+ satisfies Kl > 0, then <j>{K) = lim™^ <f>(K m ) > 0, 
by Theorem 14.71 Consequently, K g JC{i) and we conclude that JC{i) is closed. □ 

5. Positive valuations and McMullen's decomposition theorem 

Let R(-ftT) denote the circumradius and r(K) the inradius of a convex body 
K e /C(M"). If K has empty interior, then by definition r(K) is computed inside 
&SK. The successive outer and inner radii of a convex body K £ JC(W l ) are the 
nonnegative numbers defined by 

Ri(K) = min R(K\E) x^K) = max r(K n F) 

EeGii F£Gr, 

for i = 1, . . . , n. Observe that R n (K) = R(K), r n (K) = r(K), and 

Ri(K) <R 2 {K) < ■■■ <Rn(K) and r r (K) > r 2 (K) > . . . > v n {K) 
for any K £ /C(R"). It was shown by Perel'man [37] that 




(4.5) 





(5.1) 



Rn-i+l(K) 



< i+ 1. 
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For more information on successive radii see e.g. jlj^[30] and the references there. 

Lemma 5.1. Let <p G Valf and suppose that KL7, > 0. Then there exist constants 
c , ci G K smc/i tfwrf c + + ciV 2 (^) > /or e^ery X G £(R n ). 

Proof. If n = 2, then the lemma follows immediately from Corollary |4.2l We assume 
therefore n > 3. Let B" C K™ denote the Euclidean unit ball and put 

M = {K € K(R n ) : K C B n , 2R(if) > 1} 

and 

Af = {K eM: dimK = 1}. 

Both M. and TV" are compact. Set e = min^ s _a/ ^(iC) > 0. Since <j> is continuous, <f> 
is uniformly continuous on compact sets. Hence there exists < n < j§ such that 
d H (K, L) < 6r? implies \<j>{K) - 4>{L)\ < e for all K, L G M. Put 

Co = ||0|| and Cl = M 

Let if G /C(R n ) and suppose that R(Jf) > 1 and < 77. Put X' = p^jif +a; 

for a suitable such that if' G .M. Clearly, R(AT') = 1 and r 2 (K' ) < 7?. Using 

(|5.1[) with i = 2, we deduce that R„_i(if' ) < 377. By definition, B, n -i(K') < 3n 
implies that K' is contained in a cylinder of radius less than 377. Let the axis of this 
cylinder be parallel to, say, u G S n ~ 1 . Choose pi,P2 G if' such that U-pi — h(K', u) 
and —u-p2 = h(K', —u) and put V = [751,752], where [pi,P2] denotes the line segment 
between p\ and p 2 - Thus, there exists a convex body V C B n with dimL' = 1 
such that d}i{K',L') < 677. Since 

R(Z') > R(Jf') - L 1 ) > 1 - 677 > i, 

we conclude that V G TV. Therefore we have 

0(Jf) = R(ir)<H#') > R(Jf)(0(L') - e) > 0. 

Now suppose that R(i"Q > 1 and "jf^y > 77. From the monotonicity of the 
intrinsic volumes and the trivial estimate |</j(-?OI ^ H0l|R(^Qi we obtain 

2 

V 2 (K) > irr 2 {K) 2 > 7tn 2 R(K) 2 > Trr) 2 R{K) > ^-\4>(K)\. 

\\n 

Finally let K G /C(M") be such that R{K) < 1. In this case we obviously have 

IWI < IMI- 

In any case we see that Co + <j){K ) + ciV^if) > 0, which proves the lemma. □ 

The following theorem shows that an analog of McMullen's decomposition the- 
orem does not hold true in the class of positive, translation-invariant, continuous 
valuations. 

Theorem 5.2. If n > 3, then there exists a positive, even, translation-invariant, 
continuous valuation on tC(M. n ) such that not all of its homogeneous components 
are positive. 
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Proof. Since the inverse of the Klain map Kl : Valf — > C(Gri) is not monotone 
by Corollary 14.21 there exists <f> £ Vatf such that Kl^ > but 4>(K) < for some 
K E /C(R"). If necessary replacing <fi by cf> + W\ with t > small, we may assume 
that Ki0 > and <j>{K) < for some K £ K(R n ). By Lemma [5TT1 there exist 
constants Co, c\ 6 R such that 

c + <p + ciV 2 

is a positive valuation. This gives the desired counterexample. □ 

As an immediate consequence of Theorem 15.21 we obtain that there exists no 
McMullen decomposition for Minkowski valuations if n > 3. 

Corollary 5.3. If n > 3, then there exists an even, translation-invariant, contin- 
uous Minkowski valuation $ : /C(R") — > /C(R") which cannot be decomposed into a 
sum of homogeneous Minkowski valuations. 

Proof. Let <f> be a positive, even, translation- invariant, continuous valuation on 
/C(R n ) such that one of its homogeneous components say (/>i , is not a positive 
valuation. Such a valuation exists by Theorem 15.21 Define an even, translation- 
invariant, continuous Minkowski valuation by 

$X = (j){K)B n 

for all K 6 /C(R n ). Assume that 4> can be written as a sum of homogeneous 
components, <I> = $0 + ••• + $„ . This implies 

n n 

Y,h{®iK,x) = h(<PK,x) - 4>{K)\x\ =Y,UK)\x\, 

2 = 1=0 

and hence by the uniqueness of McMullen's decomposition, we obtain in particular 
h($>i K,x) — 4>i (K)\x\. This is a contradiction, since if 4>i (K) < 0, then <f>i {K)\x\ 
is clearly no support function. □ 
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